We show that semiclassical theories are inconsistent since evolution transfers nonclassical features to the classical subsystem and nonquantum behavior to the quantum subsystem. We specially aim at interaction between light and a two-level atom, and we also illustrate it via the coupling of two harmonic oscillators. Quantum and classical systems are treated on the same grounds via the Wigner-Weyl phase-space correspondence of the quantum theory.
I. INTRODUCTION
Semiclassical approaches play several roles with respect to a fully quantum theory [1] . Specifically we focus on the light-matter interaction. On the one hand, they are useful approximations to solve problems that otherwise would be unnecessarily complex. On the other hand, they are suitable tests regarding the necessity of the quantum theory. This is to say, we may say that a phenomena supports the quantum theory provided that it cannot be explained within the classical or semiclassical theories. We can invoke for example the case of the photoelectric effect that would not be a proof the of the quantum nature of radiation as far as it admits a semiclassical explanation [2] .
In this work we examine whether the mix of quantum and classical variables provided by a semiclassical approach be consistent. This is because evolution may transfer quantum features to the classical system and the other way round, and the classical and quantum have distinctive features that cannot be shared. This is an example of hybrid quantum-classical theory as examined in Ref. [3] , where consistence is also carefully examined.
Maybe the best way to combine classical and quantum systems is provided by the phase-space representations of quantum physics [4, 5] . Among them the Wigner-Weyl correspondence has the enormous advantage that in rather interesting scenarios it propagates as it were a classical phase-space distribution. In such a case the classical and quantum variables propagate in exactly the same form. Quantumness only appears at the entrance and exit ports communicating the Hilbert space and phase-space representations of the quantum variables. The main properties of this phase-space representation are summarized in Appendix A.
For the sake of simplicity, we consider two different forms for the matter system: as an harmonic oscillator and as a two-level system. The light will be always treated as a single mode, except the case of spontaneous emission in free space. * Electronic address: alluis@fis.ucm.es; URL: http://www.ucm.es/ info/gioq
II. HARMONIC OSCILLATOR
In this section we represent matter as an harmonic oscillator. Among other possibilities this is a good approximation in many situations of light-matter interaction, as exemplified by the Lorentz oscillator model. With this simple case we just pretend a simple proof of principle of the main idea. A more practical case will be considered later representing matter by a two-level atom. The light will be represented by a single-mode field, that is actually a perfect harmonic oscillator.
Both systems will be represented by the corresponding complex amplitude variables α for light and β for matter. Light will be always classical and in the quantum domain, β will be replaced by the operator b. In both cases the real part of these complex variables are representing coordinate and the imaginary parts linear momentum, all them in a suitable dimensionless form. Classical evolution is given by the Poisson brackets while quantum evolution via commutators and Heisenberg picture in unitsh = 1, saẏ 1) where H c,q represent the corresponding Hamiltonian in classical or quantum forms. In our case 2) where λ is a coupling parameter and µ is the frequency of the quantum oscillator in units of the frequency of the classical oscillator. Throughout we will assume perfect resonance so that µ = 1.
The key point is that under Hamiltonians quadratic in the α, β variables the two following properties hold:
i) The Heisenberg evolution equations are identical to the classical ones.
ii) The Wigner phase-space functions transform classically. 1) We specify a legitimate Wigner function W q (β) for the initial state ρ of the quantum subsystem via the first equation in Eq. (A1). We specify a bona fide phasespace distribution function W c (α) describing the classical subsystem. So the initial state of the whole system in the phase-space picture is
2) The system evolves in phase space under the classical evolution according to the classical-like form in Eq. (A4):
3)
( 2.4) 3) Finally we can extract the quantum and classical states. They are separated taking the corresponding marginals
(2.5) and converting W t (β) into a Hilbert-space operator via the second relation in Eq. (A1).
Specially interesting for our purposes is that for the particular time t = τ , with λτ = π/2, the quantum and classical degrees of freedom are exchanged, i. e., 6) and then
so the extraction of the classical and quantum parts is trivial. The key point is that, phases apart, now the distribution of the quantum degree of freedom β is W c , while for the classical degree of freedom α is W q . Thus we get two independent proofs of the inconsistency of the semiclassical theory:
i) If the initial distribution for the quantum subsystem W q is nonclassical then evolution transfers nonclassicality to the assumed classical subsystem α. For example, take the case of the first excited level |1 of the quantum harmonic oscillator in Eq. (B1)
Then at time τ we get for the classical system that W τ (α = 0) < 0, that contradicts its assumed classical nature.
ii) If the initial distribution for the classical subsystem W c is nonquantum, then evolution transfers non classicality to the assumed quantum subsystem β. This can be the case of the Gaussian distribution in Eq. (B2) (2.9) that implies that the density matrix ρ corresponding to W τ (β) via the second relation in Eq. (A1) is not positive semidefinite, say 1|ρ|1 < 0 as shown in Eq. (B3). This contradicts the assumed quantum nature for this subsystem.
Either i) and ii) prove the inconsistency of a semiclassical theory. The inconsistency has been also proven in Ref. [3] examining up to second order moments involved in the uncertainty relations of the Heisenberg type.
III. ONE FIELD MODE INTERACTING WITH A TWO-LEVEL ATOM
The preceding example may be regarded as rather academical so let us consider a more realistic example, where the quantum and classical systems are entirely different physical entities, matter and light respectively. Actually this example is very popular since it is the semiclassical theory of matter-light interaction. More specifically: the quantum system is a two-level atom while the classical system a one-mode field. Their coupling is one of the most fruitful models in quantum optics.
Once again the middle ground will be provided by a Wigner-Weyl phase-space scenario. In this regard the most fruitful formulation for a spin-like finitedimensional system is provided in Ref. [5] via the SU(2) Wigner function recalled in Appendix A2, where the corresponding phase space is the Bloch sphere. In this case the covariance condition guaranteeing classical-like evolution of the Wigner function holds for SU(2) transformations, i. e., rotations of the Bloch sphere. In this context, a key ingredient of this semiclassical analysis is that the field also evolves beyond free evolution under the action of the atom, as considered in great detail in Ref. [7] .
The typical quasi resonant interaction produce atomfield transformations that are highly nonlinear and far from the transformations that grant classical-like transformations of both Wigner functions [7] . However things are different in the limit of strong detuning where the interaction Hamiltonian is of the form, for example in a fully quantum form
where χ is a coupling constant and σ z = |e e| − |g g| where |e and |g are the excited and ground states. This is an interaction term suitable for producing strong nonclassical effects in the form of Schrödinger cats for example [10] and other beautiful nonclassical effects [11] .
It is clear that under this coupling the intensity of the field mode remains constant while the phase evolves linearly in time. More specifically, if we write the field complex-amplitude as α = re −iφ we have, within the interaction picture, 2) and for the atomic variables on the Bloch sphere
where θ is the polar angle in the sphere, so that the classical counterpart of σ z is cos θ, and ϕ the azimuthal angle.
So the joint Wigner function evolves in the form
where W q refers to the Wigner function of the two-level atom and W c to the phase-space distribution of the field mode. Then we investigate the marginal distribution for the field by integrating with respect of the atomic variables 3.5) with dΩ = sin θdθdϕ.
For definiteness let us consider the most simple case in which the atomic states is the ground state |g with (3.6) that takes negative values around the north pole θ = 0.
For the field let us start with perfectly defined complex amplitude, this is Dirac delta function for amplitude and phase. This is the extreme classical case for the field. Since the behavior of r is trivial let us focus just on the behaviour of the phase, leading to
(3.7) Using the properties of the delta distribution we obtain the following expression 8) for χt ≥ φ ≥ −χt and W t (φ) = 0 otherwise. The key point is that this phase distribution W t (φ) takes negative values for χt ≥ φ > χt/ √ 3 revealing the inconsistency of the model.
For a more complete and realistic scenario let us consider a Gaussian Wigner function for the field in the form Assuming α 0 = r 0 real without loss of generality and using again α = re −iφ we have
For σ = 1 this is the Wigner function of a Glauber coherent state, while for σ < 1 these are non quantum states, i. e., there are no legitimate quantum states having such Wigner functions. In the extreme case σ → 0 we get a definite complex amplitude in the form of a delta function as considered above, a field with a definite complex amplitude. To show our point let us again focus on the phase dependence considering the optimum value r = r 0 , so that the evolved field phase distribution becomes in this case
11) The result is plotted in Fig. 1 for the case r 0 = 10, σ = 1, for χt = 0 and χt = 1 showing clearly negativity in the evolved phase distribution. It can be also appreciated that it tends to the delta case examined above.
It is worth noting that the negativity can be reached for any value of σ provided that the values of r and r 0 are properly chosen.
IV. CONCLUSIONS
We have proved the inconsistency of the semiclassical theory of atom-field interaction. The first key point is to consider the nontrivial evolution of the field due to its coupling with the atom. The second key point is to use the Wigner picture of quantum mechanics, so that both systems can be properly treated alike on the same grounds. We have shown that the combination of these two key features transmits quantum behavior from the quantum to the classical system. The Wigner-Weyl correspondence is a map between quantum operators and classical functions that It serves to illustrate problems, simplify calculations, and to explore the quantum-classical borderline. Let us recall two versions.
Cartesian systems
We consider an spinless (but not spineless), unbounded, Cartesian, one-dimensional system whose phase space is two-dimensional and describable by a complex variable β ∝ x + ip, its real part meaning position x, and its imaginary part representing linear momentum p.
The correspondence holds by means of these two relations between any operator, say ρ, and its Wigner functions W (β)
where
and b † , b are the creation and annihilation operators, say b ∝x + ip to be more explicit.
Let us recall five really great properties of this phasespace formulation not shared by other approaches and extremely simply proved after the defining relations (A1): i) Real functions are associated to Hermitian operators and vice versa.
ii) The correspondence is made in both directions by just one and the same family of operators ∆(β).
iii) The so-called traciality, this is that quantum traces equal phase-space averages
iv) Classical transformation under linear transformations. This is that
where here z represents all position and momentum phase-space coordinates in an arbitrary n-mode scenario, z = (x 1 , p 1 , x 2 , p 2 , . . . , x n , p n ),ẑ the corresponding operators, and M is a (2n) × (2n) matrix.
v) Proper marginals, this is that the integration of W (β) over p gives the true probability distribution for thex operator, and equicvalently for all lineal combinations of x and p.
SU(2) distributions
We consider the phase-space representations for an angular momentum j derived from first principles in Refs. [5] W (Ω) = tr [ρΛ(Ω)] , 
where j 1 , m 1 ; j 2 , m 2 |j, m are the Clebsch-Gordan coefficients, Y ,m (Ω) the spherical harmonics, and |j, k the eigenvectors of the third component of the angular momentum. Throughout Ω represents the variables on the phase space for the problem, this is the Bloch sphere, or Poincaré sphere if we refers to light polarization. This SU(2) distributions has essentially the she same properties i) to iv) listed above where in such a case U refers to SU (2) transformations, that produce rotations in the Bloch sphere.
For a two-level atom we just consider the twodimensional case j = 1/2
where σ are the three Pauli matrices and Ω = (sin θ cos ϕ, sin θ sin ϕ, cos θ) .
The most general density matrix can be expressed as
where s is a real vector with |s| ≤ 1 so that the associated Wigner function is of the form
